Abstract: In the presented paper we tackle the problem of the effective field theory in curved spacetime (cEFT) construction. To this end, we propose to use the heat kernel method. After introducing the general formalism based on the well established formulas known from the application of the heat kernel method to deriving the one-loop effective action in curved spacetime, we tested it on selected problems. The discussed examples were chosen to serve as a check of validity of the derived formulas by comparing the obtained results to the known flat spacetime calculations. On the other hand, they allowed us to obtain new results concerning the influence of the gravity induced operators on the effective field theory without unnecessary calculational complications.
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Introduction
The effective field theory (EFT) turns out to possess an immense usefulness in particle physics. It allows to conveniently parametrize the effects coming from the unknown high energy physics and gauge its influence on the experimentally measurable observables. Looking at the same problem from a different perspective, it allows to refine our understanding of the high energy phenomena not yet directly measurable in experiments by the already obtained indirect data, which are on the theoretical level described by effective operators For a classification of the flat spacetime operators with a dimension up to six that obey the Standard Model (SM) gauge symmetries we refer the reader to [1, 2] . For some examples of the recent use of the EFT in the context of the SM observables calculation see [3] and citations therein. Having in mind the usefulness of the EFT, it is of considerable importance to have a well tested and possibly simple and clear formalism to obtain the effective field theory from a given high energy model. Recently, there has been a resurgence of the activity in this area that bore fruits in the form of the Covariant Derivative Expansion (CDE) scheme [4, 5] and construction of the Universal Effective Action (UEA) formalism [6, 7] .
Meanwhile, the presence of the classical gravitational field described by the curvature of spacetime poses new challenges for the quantum field theory. Among them there are questions of the influence of gravity on the Standard Model vacuum stability [8] [9] [10] [11] and the gravity assisted dark matter production [12] [13] [14] or bariogenesis [15] [16] [17] [18] [19] [20] [21] . To investigate these problems the EFT may be the right tool, yet before this could happen it should be reformulated to take into account the spacetime curvature. This reformulation is the subject of presented article.
To extend the effective field theory into curved spacetime we propose to use the heat kernel method [22] [23] [24] [25] . The method was already applied with many successes in calculations within the quantum field theory in curved spacetime framework. To name a few applications, we list the following problems of: vacuum polarization [26] [27] [28] [29] , calculation of the logarithmic divergences and renormalization group (RGE) running of constants for various matter models [23, 25] (and citations therein), obtaining renormalization group improved effective action [30] [31] [32] [33] [34] [35] , one-loop effective action [36] [37] [38] [39] [40] or the abovementioned question of an influence of gravity on the stability of the Higgs effective potential. Additionally, the advocated approach to the cEFT possesses an advantage that the heat kernel method may be viewed as a direct generalization of the aforementioned CDE and UEA methods known from flat spacetime to the curved spacetime.
The structure of the article is the following. In section 2 we collected the necessary ingredients that allowed us to use the heat kernel method to construct the curved spacetime effective field theory (cEFT). In section 3 we used the obtained formalism to work out three examples, namely the Higgs sector interacting with the heavy scalar singlet, the Yukawa model with the heavy scalar and electrically charged fermions. In section 4 we summarized and discussed the obtained results.
Constructing the effective field theory in curved spacetime -general formulas
In this section we will present general formulas relevant for constructing the effective field theory that takes into account effects generated by the presence of the heavy matter sector and classical gravitational field. In what follows, we will focus on the tree and one-loop contributions form the heavy sector. Before we elaborate on the matter part of the action, let us specify the gravity part
(R − 2Λ) + α 1 R αβµν R αβµν + α 2 R αβ R αβ + α 3 R 2 + α 4 R .
(2.1)
The first two terms give us the standard Einstein-Hilbert action with the cosmological constant. The terms quadratic in curvatures, proportional to the α i coefficients, are introduced in order to obtain the renormalizable gravity sector at the one-loop level [23, 25] . In what follows, we will be using the (+ + +) sign convention of [41] , this includes mostly plus convention for the metric tensor (−, +, +, +). Specifying the matter part of the high energy theory S U V m at this time is not necessary. Schematically the UV (Ultraviolet) action could be written as where φ represents light fields (with masses and momenta smaller then some chosen energy scale µ c ) and Φ represents heavy fields. To construct the low energy effective field theory we will use the functional methods. Specifically, we will integrate out heavy fields Φ (see for example [4, 5] ). This gives us the following formal expression for the cEFT containing the one-loop effect coming form the heavy sector
where Φ cl (φ) is the classical (tree-level) solution to the heavy fields equations of motion
δΦ represents the functional derivative of S U V m and c s is the usual spin dependent coefficient, for example c s = +1 for a real scalar and c s = −2 for the Dirac fermions. The symbol sdet represents a functional superdeterminant of the operator D 2 and µ 2 is some arbitrary energy scale introduced to make the argument of the determinant dimensionless. The operator D 2 is constructed from the UV matter action as
In the above formula we restrained ourselves to taking into account only an effect of the heavy particle loops.
To give a meaning to the formal expression ln sdet µ −2 D 2 we will use the heat kernel method (within the Schwinger-DeWitt approximation) [23] [24] [25] . From now on we will assume that the operator defined by (2.4) is of the form
where
is a covariant derivative containing a gauge part A µ with e s being the charge of the field it acts upon and a gravity part encapsulated in an ordinary covariant derivative defined in curved spacetime ∇ µ , moreover, m 2 Φ is a positive constant that could be equated to the heavy particle mass. Π(φ, Φ cl (φ)) is the part that does not contain any open (acting on non-background fields) covariant derivatives. 1 As a side note, let us point that if the U V action is renormalizable in the flat spacetime sense the heavy scalar fields naturally lead to the above form of the operator while for Dirac fields we may achieve this for example by suitable field redefinition in the path integral [23] . On the other hand, for the gauge fields we may bring the resulting operator to this form by suitable choice of the gauge, yet in this case we should remember about possible gauge dependence of the obtained results. Let us also point out that a generalization of the Schwinger-DeWitt technique to the case of operators of more general form also exists, see for example [42, 43] . Working within the dimensional regularization , where the precise form of f depends on the form of the Lagrangian. The requirement is that we should have m 2 Φ > 0 for (2.6) to be valid.
-3 -framework we arrive at the following formula:
, γ is the Euler constant, the number of spacetime dimensions is n = 4 − ε and T r stands for the matrix tr and a sum over all discrete indices (group or Lorentz ones). We would like to note here that the formula (2.6) represents a local approximation to the one loop part to the effective action, therefore it does not contain information about non-local phenomena like for example particle production [44] [45] [46] [47] . Nevertheless, as far as the effective field theory is concerned it is particularly well suited for expressing effects of the heavy field in terms of the higher dimensional operators. On the other hand, for some example of the use of the non-local form of the heat kernel to the construction of the effective action we refer the reader to [48] and citations therein.
The quantities a k present in (2.6) are the Hadamard-DeWitt (HDW) coefficients [22] . To study the influence of operators up to dimension six in the effective field theory we need coefficients a 0 through a 3 and some part of a 4 containing gravity induced operators of suitable dimension. Appropriate coefficients are given by [24] (we will closely follow the notation presented there):
8)
9) 10) where { , } stands for the anticomutator and
12)
13)
14)
15)
16)
17)
The expression for a 4 is too unwieldy to be presented here, so we skip it for now, its full form can be found in [24] and we added its part containing operators of the dimension six or lower and terms up to the order O(R 2 ) in Appendix A. Returning to (2.6) and adopting the M S renormalization scheme with the choice of the running energy scale µ 2 = m 2 Φ we may obtain
where we took into account the fact that terms present in the a 1 coefficient are of the same type as these in the tree level action, therefore they lead only to the renormalization of the tree level couplings. As has already been pointed above, we will need only some parts of the a 4 coefficient.
Effective field theory in curved spacetime -examples
In this section we will present the results concerning an application of the selected scheme of creating the effective field theory in curved spacetime to some examples. In the case when their flat spacetime counterparts are known they will serve as a check of validity for our formulas. On the other hand, they will also allow us to present some new results illustrating how the presence of the gravitational field modifies the effective field theory.
Singlet scalar interacting with the Higgs sector
We begin by writing a concrete form of the matter part of the UV theory
where H is the Standard Model Higgs doublet, d µ is a covariant derivative containing gauge fields parts. For the case where X represents the heavy scalar singlet with mass m 2 X > 0 (we assume the following mass hierarchy: m 2 X >> |m 2 H |) d µ reduces to the standard covariant derivative in curved spacetime ∇ µ . Since for now we want to keep the coupling among X and the Higgs doublet described by the term m HX X|H| 2 we also need the two remaining terms linear in X if we want our model to be renormalizable.
In the first step we will solve the classical equation of motion for the X field, actually in what follows we will need only the solution to the linearized equation of motion [4] 
The formal solution to this is given by
Expanding it in the large mass limit we get 4) where +... stands for terms that would produce effective operators of a dimension greater then six. Keeping only operators of dimension six or less and containing at most terms of the second order in curvatures or fourth derivatives of the metric we may write
To make our notation more concise we may rewrite the above formula as
In the next step we may use the classical equation of motion for the X field to reduce the tree-level X dependent part of the action to the form
(3.7)
From now on we will require that there are no sources for the X field other than the one coming form interactions with other fields. This implies m 3 = m Xξ = 0. In this case the only terms that will contribute to the effective action for the light field will be
Even at this level we may see the first qualitative difference between the flat and curved spacetime, namely in the flat spacetimes the coefficient a H0 vanishes which can be seen from the first two lines of (3.5). This implies that the term proportional to X 4 will not contribute any operators of dimension six or less. Meanwhile, in curved spacetime the presence of a nonzero a H0 means that the term X 4 will introduce into the effective action new operators for the light field with curvature dependent coefficients, we will call such operators gravity induced. These contributions (up to dimO = 6, R 2 ) are given by
9)
Before we present the results coming from the one-loop terms originated from integrating heavy fields let us make another simplification, namely from now on we put λ X = 0. This will make the presentation of the results more clear. As a side note, we point out that keeping λ X = 0 would result in an appearance of terms proportional to the powers of the X field that should be replaced by (3.5) . This would give us additional contributions for the operators presented above which would be suppressed by the numerical factor 64π 2 and an appropriate power of λ X .
To extract information about operators of dimension six that could be generated in the effective theory we will need the HDW coefficients as defined by (2.7)-(2.10). The two basic auxiliary quantities needed in the calculation are Q and P and are defined in (2.11)-(2.18). The commutator of the covariant derivatives W αβ vanishes since the heavy field is an uncharged scalar. Taking this into account we may write
In what follows we will skip operators of dimension greater then six, operators with coefficients containing curvature scalars of power three or higher and purely gravitational terms, all this will be symbolized by the use of the symbol '≈'. Moreover, from now on we will impose the Z 2 symmetry on the X fields which leads to the condition m 3X = 0. This symmetry implies that X could represent the dark matter candidate. Having this in mind we may write
where K ≡ R ννρσ R ννρσ is the Kretschmann scalar and G µν ≡ R µν − 1 2 g µν R is the Einstein tensor. In the formulas above we used integration by parts wherever necessary. This is possible since what enters into the effective action is not the HDW coefficients but their spacetime integrals. Below we present the result for the case when X is Z 2 symmetric, which implies only quartic interaction among the scalars.
where S a 3 denotes the part of the effective action that comes from the a 3 Hadamard-DeWitt coefficient,
, and we included terms that are proportional to the tree-level operators in redefinitions of appropriate constants. As a check of our results we compared the coefficients of the first two operators to the flat spacetime case, see for example [4] . We found out that they are exactly the same, as expected. The operators in the second line represent the gravity induced contributions to the Higgs mass parameter. Although they are expected to be small there is an interesting possibility that they may introduce a spacetime dependent contribution to the critical temperature of the phase transition. The last line contains the gravity induced contribution to the Higgs quartic coupling which will have its impact on the problem of the vacuum stability in the Standard Model, especially in the context of the early Universe. In this line there is also an operator that couples the Higgs field kinetic term to the Einstein tensor. This last operator is actually irrelevant for the dynamics of the Higgs fields since its contribution to the equations of motion vanishes due to the vanishing of the four-divergence of the Einstein tensor. As far as the a 4 term is concerned, most operators coming from it are of the order eight or higher (or are subleading contributions to the already present ones). The relevant part that can contribute operators of the dimension up to six and terms up to second order in curvature invariants or fourth metric derivatives is given by
where all quantities were defined in (2.11)-(2.18) and should be calculated with taking into account (3.12), h µ = 0, W αβ = 0 and discarding terms of the order O(R 3 ) or higher. From the above formula for a 4 we obtained operators that contribute to the Higgs quartic coupling and the kinetic term. After some algebra they are given by
To sum up this section, let us write the cEFT for the Higgs doublet after integrating out the heavy Z 2 -symmetric real scalar singlet (the UV action is given by the Z 2 symmetric part of (3.1))
where we defined the curvature dependent coefficients in the following manner:
In what follows we would like to comment on the revealed nature of the gravity induced contributions to the obtained effective field theory. We see that we have a linear in curvature contributions to the dimension six kinetic operator for the Higgs field, they are given by a part of the c dHdH coefficient and the c GdHdH one. Moreover, the c GdHdH
term looks similar to the one named the non-minimal derivative coupling [49] [50] [51] that was analyzed in the context of the Higgs inflation. The difference is in the dimensionality of the operator, the usual one is of dimension four c GdHdH G µν d µ H † d ν H, while the one obtained by us is of dimension six. At this point it is worthy to note that our calculations indicate that the coupling of the Einstein tensor to the dimension four kinetic type operator does not arise after integration of the heavy scalar field. This implies that if the presence of such an operator could be inferred from the inflationary data it must be a remnant of the coupling of the Higgs field to the heavy field of a different statistic than a scalar field. From the structure of the HDW coefficients we may infer that this probably will be a fermionic field, although the proof of this statement would demand calculations that are out of scope of this article. The presence of the c H terms indicates that the Higgs mass parameter gets a contribution also from terms that are proportional to terms of order two in curvatures. This is hardly surprising yet it nicely represents the general feature of the effective field theory in curved spacetime. Namely, every effective operator present in the flat spacetime case will obtain contributions from terms proportional to the higher order curvature scalars or tensors. This means that the effective field theory in curved spacetime will be given by the action that represents expansion in both dimensions of the operators and powers of curvature invariants.
Before we turn to an analysis of the c HH coefficient we want to make a comment about the region of validity of our expansion in curvature invariants. Generally speaking, (2.19) represents a valid contribution to the effective action for the light field if terms proportional to the higher order Hadamard-DeWitt coefficients present in (2.6) are dropped out. This implies that the operators of dimension eight should give smaller contributions than these of dimension six and that
, where O(R n ) represents all curvature invariants of the order n, for example for n = 2 we have O(R 2 ) = R 2 , R µν R µν , K . Since at each order we have new invariants that could not be expressed as powers of invariants from lower orders to determine the region of validity of our approximation we will slightly abuse the notation introduced above. From the relation
we may infer that we have
Since we work only with terms that are at most quadratic in curvature scalars, the last expression is enough to determine the maximal curvature allowed to be analyzed by our approximation. Now, let us return to the c HH coefficient. Firstly, let us note that in usual applications the rate of change of the curvature is small, therefore we may disregard the last two terms in (3.23) . Among the terms proportional to O(R 2 ) we have three possible hierarchies.
The first one is when R = 0, which is the case for the vacuum solution to the Einstein equations, i.e., Schwarzschild or Kerr black holes or for the radiation dominated Friedmann-Lemaître-Robertson-Walker (FLRW) universe. In these situations the dominant contribution comes from the term proportional to K − R µν R µν . In Figure 1 we plotted the contribution of the gravity induced operators given by c HH to the Higgs quartic coupling. The background spacetime was given by the Schwarzschild black hole for which the relevant part of c HH is given by c HH (
. The minimum mass of the black hole (maximum curvature of spacetime) that we can cover in our approximation was estimated according to the following formula: . We calculated K at the innermost stable circular orbit which for the considered black hole is at r = 6GM , this gives us K = 1 972(GM ) 4 . From this we get a rough estimate for the allowed mass, GM ≥ 10 −7 GeV −1 . As an additional check of the validity of this formula we plugged the obtained estimation of GM into the formula for the Hawking temperature for the Schwarzschild black hole (T BH ) and we obtained T BH ∼ 10 5 GeV. Since this temperature is bigger than the mass of the heavy particle, we refined our estimate for the lower bound of GM to be GM ≥ 10 −5 GeV −1 , which corresponds to the temperature one order of magnitude smaller than the mass of the heavy particle. From the astrophysical perspective the minimal allowed mass lays within the range of the allowed masses for the Primordial Black Holes (PBH) [52] and corresponds roughly to the M P BH ∼ 10 10 g. The upper bound for GM is not restricted in our approximation. For the purpose of the plot we take it to be equal to the solar mass black hole M BH = M ⊙ . The dotted and dashed lines represent the order of magnitude estimate for the 1, 2 and 3 loops self contribution to the Higgs quartic coupling. They allow us to gauge the influence of the gravity induced term on the aforementioned Higgs coupling. As we may see from Figure 1 the gravity contributions are irrelevant for large black holes, which is as expected. Meanwhile, for a small PBH, yet big enough not to evaporate due to the Hawking radiation up to the present time, the gravity induced contribution may be of the same order as the two loops effect. This implies that they may be relevant for the vacuum stability around such a black hole. At this point let us note that the current state of the art calculations pertaining to the stability of the Higgs vacuum in the flat spacetime take into account at least some of the three loops effects. As to the nature of the contribution given by (3.23) to the vacuum stability we may see that since the relevant term has an opposite sign to the − λ 4! |H| 4 term in the Higgs potential it will lead to further instability of the vacuum in the vicinity of the black hole. As a final remark let us state that since we expect the PBH formed in the early Universe to have even smaller masses, the obtained results indicate that further development of the curved spacetime approach to the effective field theory may be instrumental in better understanding of the influence of strongly gravitating objects on particle physics phenomena.
In Figure 2 we presented the second example for which R = 0, namely the radiation dominated FLRW universe. Here we may connect the curvature of spacetime to the energy density (ρ) using the Einstein equations and radiation as a source of the energy-momentum
Having in mind this relation we may find the maximal energy density allowed by our approximation to be ρ ≤ 10 43 GeV 4 . Using the Stefan-Boltzmann law to connect the energy density to temperature we obtain T ≤ 10 8 GeV. This maximally allowed temperature should again be corrected due to the fact that we work with the effective field theory and we wish to integrate out particles with masses m X = 10 4 GeV. Taking into account this fact we set the maximal temperature to be T = 10 3 GeV. As we may see from Figure 2 , the gravity induced contributions to the Higgs quartic coupling are always many orders of magnitude below the scale of the estimated three loops effects and therefore are of no consequence for the problem of the vacuum stability. At this point we want to remark that this is the case in the effective field theory, and in the full theory where we treat both heavy and Higgs fields on equal footings this is not necessarily the case. Now we will discuss the second hierarchy of terms in c HH for which R = 0 and ξ ∼ 0. To illustrate our point we will use the de Sitter like stage of the FLRW universe. We may think of this as an FLRW universe filled with matter with the following equation of state: p = −ρ. Such a spacetime geometry may be used to describe a part of the inflationary era of our Universe. In this case all terms of c HH contribute (as earlier we disregard terms containing higher derivatives of the curvatures), the results are plotted in Figure 3 . To obtain the maximal allowed energy density we go through the same steps as in the R = 0 case. In the next step we translated the energy density to the temperature using the following formula:
(see for example [25] ), where Λ is the cosmological constant. To connect Λ to the energy density we used the Einstein equations in the FLRW background and the equation of state for matter mentioned earlier. This resulted in the formula
. Due to the peculiarity of the de Sitter spacetime our effective field theory is valid in the whole range of energy density (temperature) allowed by the demand
The first thing we may infer from Figure 3 is the fact that the term linear in R dominates the remaining terms in c HH . The second thing is the fact that, contrary to the radiation dominated universe, the gravity induced contributions to the Higgs quartic coupling reach the same order of magnitude as the two loops effects for large temperature. This implies that in calculations going beyond the one loop approximation we should account at least for effective operators proportional to the Ricci scalar.
The third type of hierarchy is for R = 0 and ξ X >> 1 case. Again, as a background spacetime we will take the de Sitter like phase of the FLRW universe. As far as the large non- Loops prefactors are given by the formula nloop= λ n+1 H (16π 2 ) n and T dS is the temperature of the de Sitter spacetime. For the plot we chose λ HX = 0.25, λ H = 0.13, m X = 10TeV and ξ X = 10 3 . The plot was made in the double logarithmic scale. minimal coupling to the spacetime curvature (ξ X ) of the heavy scalar is concerned, it could be allowed to go up to ξ max ∼ 10 15 [53] . The obtained results are plotted in Figure 4 . From Figure 4 we may see that contributions to c HH from terms proportional to ξ X dominate over these coming form the O(K − R µν R µν ) term. Moreover, this term may be relevant only when temperature is high enough and we are interested in calculations going beyond 
for some values of the non-minimal coupling ξ X . m X was held fixed at 10TeV. The maximally allowed curvature fulfills
the two loops order. As far as the terms proportional to the Ricci scalar are concerned, the situation is quite different. In the temperature range up to T dS ∼ 20GeV the term linear in R dominates, while above this temperature the R 2 one gives a bigger contribution to c HH . The nature of this behavior could be inferred from the structure of these terms in the c HH coefficient, namely the structure at hand is f cHHR ≡ 2ξ X − 1 6
, where we skipped the overall common factor. The behavior of this function with respect to the change of the spacetime Ricci scalar R m 2 X is plotted in Figure 5 . As we may see from it, f cHHR becomes negative for large enough R (large temperature) which implies that terms proportional to R 2 dominate over the one linear in R. This dominance is not observed for small ξ X because it happens at the value of R m 2 X that is beyond the range of validity of our approximation. On this example we may see an additional subtlety that becomes apparent when the large non-minimal coupling to gravity is considered. Namely, in this case the validity of our approximation in calculation of the form of effective operators coming from loops of heavy fields needs to modify previous formula for the maximally allowed spacetime curvature to be
This last formula gives us either a more stringed constraint on the allowed spacetime curvature or on the maximal value of ξ X that can be covered by our effective field theory. Figure 6 represents the same type of a plot as Figure 5 but for ξ X = 10. We see that the term linear in R dominates contributions to c HH in the whole range of allowed temperatures. Moreover, we see that for sufficiently high temperature, for the displayed parameter it is roughly above T dS ∼ 50GeV the gravity induced operators will contribute to the effective Higgs quartic coupling on the same level like the one-loop effects. As a final note let us point out that the term linear in R in c HH has the same sign as λ H , therefore gravity leads to improvement of the vacuum stability in the de Sitter spacetime. The last coefficient that remains to be discussed is c 6 . Here we see that taking into account the presence of the spacetime curvature leads to its slight decrease as compared to the flat spacetime case.
Yukawa model with the heavy real scalar
In this subsection we will present a construction of the effective field theory in curved spacetime for Dirac fermions interacting with a heavy real scalar singlet. The UV action may be written as
The classical equation of motion for the scalar is
From the above we get
After expanding this in the powers of m −2 X we get a local approximation
Plugging this back into (3.25) and keeping only operators of dimension six and less we get the cEFT for fermions in curved spacetime
The first observation is that c 6 contains only terms proportional to the Ricci scalar, but not to the other curvature scalars which stems from the fact that we work only with operators coming from (3.27) . Although the heavy scalar loops do not contribute to the matter part of the effective field theory, we need to consider them in finding the allowed range of spacetime curvatures. The second observation is that while in the flat spacetime case the presence of the dimension six operator leads to an appearance of the vacuum expectation value <ψψ >= m c 6
, the presence of the gravity induced operators leads to diminishing of this vev, provided that the spacetime is the one of constant curvature R = const. (like for example the de Sitter spacetime). On the other hand, if R = const. we cannot determine the <ψψ > by simply solving an algebraic equation, instead we need to solve partial differential equations coming from equations of motion.
Quantum Electrodynamics with integrated out fermions
In this subsection we work out the QED example with the heavy fermionic sector. The starting action for the matter sector is
The F µν ≡ 2∇ [µ A ν] is the standard Maxwell tensor for the U (1) gauge field A µ and a covariant derivative for the fermionic field is given by d µ ≡ ∇ µ −ieA µ . The second functional derivative of S U V with respect to the heavy fermionic field gives us the following operator:
To bring it to the form (2.5) we will use the following formula: ln detD = 1 2 ln detD 2 and the fact that the aforementioned operator and D +m ≡ iγ µ d µ + m have the same spectrum of eigenvalues. Alternatively, we may redefine the path integral variables, see for example [23] . After this operation we obtained
where 1 is a four-by-four unit matrix and we used the definition of gamma matrices in curved spacetime {γ µ , γ ν } = −2g µν 1 and the fact that
Below we present some useful and well known properties of the trace of gamma matrices (these formulas take into account the chosen signature of metric tensor)
Comparing (3.33) with (2.5) we found (from now on we will skip writing the unit matrix 1 to shorten the notation)
37)
38)
The remaining quantities that need to be calculated are given below. We write only terms that give an operator of dimension six or less and contain terms at most linear in curvatures and survive after taking a trace with respect to gamma matrices. 54) and also the definition of the comutator of covariant derivatives acting on a tensor field
Considering the above formulas we end up with the following expression for the cEFT for the U (1) vector field:
The corrections to the photon behavior stemming from the above effective action were already discussed in the literature in the early '80 [54] and more recently in [55, 56] , therefore the above example constitutes another check of the validity of our method of obtaining the effective field theory in curved spacetime.
Summary
In the presented article we checked if the heat kernel method could provide a viable tool in a systematic construction of the effective field theory in curved spacetime. Our calculations confirmed that the aforementioned method, already used with successes in the construction of the one-loop effective action in curved spacetime, can be a valuable tool in building the curved spacetime effective field theory (cEFT). Moreover, we want to point out that this approach can be viewed as a direct generalization of the universal effective action method proposed recently for construction of the effective field theory in flat spacetime. After describing the ingredients of the heat kernel method that are necessary in the task at hand we worked out three examples which allowed us to both explain in detail the required steps and check the validity of our approach. At this point let us remind that, as was pointed in the introduction, we worked out only effects coming from the heavyheavy loops. The effects of the heavy-light or light-light loops may also be computed by this method but taking them into account in the current work would lead to unnecessary computational complications that would dim the presentation of the method.
The first example considered was obtaining the curved spacetime effective field theory for the Higgs doublet after integrating out the real heavy scalar singlet. In subsection 3.1 we presented the resulting cEFT containing operators up to dimension six and the gravity induced coefficients containing terms up to second order in curvatures. As an immediate test of our calculations we compared the obtained coefficients to the flat spacetime ones presented in [4] and we found that they agreed.
In the next step we analyzed what new effects the gravity induced terms may possibly introduce in the case of a few chosen physically interesting spacetime backgrounds. These backgrounds were the small mass black hole (in the mass range experimentally allowed for the Primordial Black Holes), the radiation dominated Friedmann-Lemaître-RobertsonWalker universe and the FLRW universe in the de Sitter stage.
Firstly, we found out that integrating out the heavy scalar field will generate a nonminimal derivative coupling of the Higgs field to gravity. An existence of such a coupling of dimension four Higgs kinetic operator was postulated in the context of one of the Higgs inflation models. On the other hand, what we found is that the non-minimal derivative coupling is between the Einstein tensor and the dimension six Higgs kinetic operator only. We also observed that every operator present in the flat spacetime effective field theory obtains an infinite tower of contributions proportional to higher and higher powers of curvatures. Fortunately, they come with suppression factors proportional to adequately high powers of an inverse of the heavy field mass. Therefore, for most cases it will be sufficient to consider only terms up to second order in curvatures. Taking into account terms proportional to the curvature squared is important because for some interesting spacetimes like for example the Kerr black hole or the radiation dominated FLRW universe the Ricci scalar vanishes identically.
Next, we turn our attention to an analysis of the influence of the gravity induced dimension four operators on the Higgs quartic selfcoupling. We found out that for the PBH with mass in the range of 10 10 −10 11 g modelled by the Schwarzschild metric the contribution of the coefficient proportional to the Kretschmann scalar K may be bigger than the twoloops effects coming from Higgs quartic selfinteraction. The results were depicted in Figure  1 . As is evident from Figure 2 the gravity induced terms are of no consequence for the Higgs quartic coupling if we choose the spacetime to be described by the energy dominated FLRW universe. Lastly, we analyzed the case when the spacetime is given by the de Sitter like metric (strictly speaking, it was the FLRW metric for which matter possessed the following equation of state: p = −ρ). The obtained results were presented in Figures 3 and 6 . Such a spacetime may represent an end of the inflationary era just before reheating or if we model the reheating as a process that takes some time this metric should be also valid for at least a part of a timespan of reheating. In any case, it turned out that for the de Sitter metric sourced by a sufficiently high energy density, but within the limit of validity of our approximation, the gravity induced coefficients may dominate the two-loops effects.
We also derived the gravity induced contribution to the coefficient of the dimension six operator |H| 6 . From the formula (3.24) we may see that its presence leads to a slight decrease of the value of this coefficient as compared to the flat spacetime case.
To generalize the results of this subsection we may formulate a few statements concerning the curved spacetime effective field theory. Firstly, the nature of the background spacetime, by which we mean vanishing (or not) of the Ricci scalar, dictates whether the calculation should be done up to terms linear or quadratic in curvatures. Secondly, for the non-vanishing R it is sufficient to keep only contributions of terms linear in curvatures to the coefficients of the operators of dimension up to four. Thirdly, if we are interested in the cEFT containing operators of dimension six then we should keep these gravity induced ones that are not present in flat spacetime, like the non-minimal derivative coupling but we may probably skip the gravity contribution to the ones that are already present in flat spacetime like |H| 6 in the Higgs case.
In subsection 3.2 we discussed integrating out the heavy scalar in the Yukawa model. This example is somewhat simplistic, since it involves only finding a local approximation for the classical solution for the equation of motion of the heavy field. There are no contributions to the fermionic part of the effective theory coming from the scalar loops since the integrated out scalar does not possess a selfinteraction term in the UV action. Despite this we still found that gravity contributes to the coefficient of the dimension six operator. This leads to a modification to the vacuum expectation value for the fermionic bilinear (in case R = const.). Moreover, although this modification seems to be trivial it is not so from the computational standpoint. Namely, to find the fermionic field vev in the case R = const. we need to solve partial differential equations and not an algebraic equation. As a side note, let us point out that the same is true for finding the vev of the Higgs field in the case when it is coupled non-minimally to gravity.
In the last subsection of section 3 we rederived the effective field theory for photons in curved spacetime after integrating out fermions from QED. The obtained results were already known and discussed in the '80. Therefore, this subsection served more as a working example as how to integrate out fermionic field and as an additional check of validity of the obtained formulas.
To conclude, the presented results indicate that the heat kernel method may be a viable way of extending the concept of the systematically obtained effective action to curved spacetime. Additionally, this type of cEFT may be vital in an analysis of particle physics phenomena in the strong gravity regime. As interesting fields for further practical applications we want to point out the problem of seeding vacuum instability by PBH, a question of the bariogenesis processes around such objects and an influence of the gravity induced operators on reheating or inflation.
A The Hadamard-DeWitt coefficients used in the paper
Below we present a list of the Hadamard-DeWitt coefficients relevant to the problem of obtaining the curved spacetime effective action (cEFT). The form of the coefficients and the notation follows closely [24] , with the exception of the name change for the commutator of the covariant derivatives (in this article it is called W αβ while in [24] it is R αβ ) and W αβ defined in (2.153) on page 40 of [24] here was named as W αβ . Since in the presented article we concentrated on the cEFT containing terms at most of the second order in curvatures or equivalently fourth derivatives of the metric and operators of the dimension up to six we will present a 3 and a 4 coefficients with this accuracy. The basic quantities that are needed for the construction of the coefficients are read off from the form of the operator given in (2.5) and are
3) The first five coefficients are given by (the reader should remember that the unit matrix 1 should be put wherever it is necessary to keep the correct dimension of the appropriate terms) a 0 = 1, (A.9) a 1 ≡ P = Q + 1 6 R, (A.10) 
In the above T (α,β) ≡ The above expression for Z M (6) is exact in the sense that so far we did not skip any factors but in concrete calculations many of these terms will produce operators of the order O (7) or O(R 3 ) or higher and should be discarded. Moreover, in the above formula we used As far as the Z S (6) term is concerned, it contains purely gravitational terms of the order O(R 3 ) or higher, therefore we may put Z S (6) = 0.
